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REDUCTIONS OF THE UNIVERSAL HIERARCHY AND RDDYM
EQUATIONS AND THEIR SYMMETRY PROPERTIES
P. HOLBA, I.S. KRASIL′SHCHIK, O.I. MOROZOV, AND P. VOJCˇA´K
Abstract. We consider the equations uyy = uyuxx − (ux + u)uxy + uxuy and uyy = (ux +
x)uxy− (uxx+2)uy that arise as reductions of the universal hierarchy and rdDym equations,
respectively, and describe the Lie algebras of nonlocal symmetries in infinite-dimensional
coverings naturally associated to these equations.
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Introduction
In a series of recent papers [2, 3, 1, 8] we studied symmetry and integrability properties of
the four linearly degenerate 3D equations, [7]. In particular, in [3] we described 2D reductions
of the Pavlov, universal hierarchy and rdDym equations that possess differential coverings of
the rational form. In the recent paper [8], using the reduction techniques, we showed that for
the two of these reductions (one of them being the Gibbons-Tsarev equation) the Lie algebra
of nonlocal symmetries is isomorphic to the Witt algebra
w = { zi+1
∂
∂z
| i ∈ Z }
of polynomial vector fields.
In the current paper, we prove similar results for the reduction
uyy = uyuxx − (ux + u)uxy + uxuy
of the universal hierarchy equation (Section 2) and for the equation
uyy = (ux + x)uxy − (uxx + 2)uy,
which is a reduction of the rdDym equation (Section 3). Namely, we show that in the first case
the algebra of nonlocal symmetries is isomorphic to w⊕ s2, where s2 is the two-dimensional
solvable Lie algebra (Theorem 2.1), while in the second case this algebra is w⊕ a1, where a1
is the one-dimensional Abelian Lie algebra, see Theorem 3.1.
In Section 1, we introduce the necessary definitions and constructions. Section 4 contains
a short discussion of the obtained results.
1. Differential coverings and nonlocal symmetries
Here we briefly discuss the necessary facts from nonlocal geometry of PDEs. See details
in [6, 9].
Let E ⊂ J∞(n,m) be an infinitely prolonged differential equation (or a system of equa-
tions) in unknowns uj(x1, . . . , xn), j = 1, . . . , m, embedded to the corresponding infinite jet
space. Denote by ujσ jet coordinates and assume that E is defined by a system of relations
F α(x1, . . . , xn, . . . , ujσ, . . . ) = 0, j = 1, . . . , l. Denote by
Di =
∂
∂xi
+
∑
ujσi
∂
∂ujσ
the total derivatives on E. Let
ℓE =
(∑
σ ∂F
α/∂ujσDσ
)
be the linearization of E, where Dσ is the composition of the total derivatives corresponding
to the multi-index σ.
A symmetry of E is an evolutionary vector field
Eϕ =
∑
Dσ(ϕ
j)
∂
∂ujσ
(1)
such that ℓE(ϕ) = 0, where ϕ = (ϕ
1, . . . , ϕm) is a function on E which is called the generating
section of the symmetry at hand. Symmetries form an R-Lie algebra with respect to the
commutator. This algebra is denoted by sym(E). The commutator of symmetries induces
the Jacobi bracket of their generating sections denoted by {· , ·}.
A horizontal (n− 1)-form
ω =
∑
Ai dx
1 ∧ · · · ∧ dxi ∧ · · · ∧ dxn
is a conservation law of E if it is closed with respect to the horizontal de Rham differential
dh =
∑
dxi ∧Di.
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A conservation law is trivial if ω is an exact form. Two conservation laws are equivalent if
their difference is a trivial conservation law.
Consider another equation E˜ and a locally trivial bundle τ : E˜→ E. It is called a (differen-
tial) covering if τ∗(D˜i) = Di for any total derivative on E˜. Two coverings τl : E˜
l → E, l = 1,
2, are equivalent if there exists a diffeomorphism F : E˜1 → E such that (1) τ2 ◦ F = τ1 and
(2) F∗(D˜
1
i ) =
∑
µji D˜
2
j , where µ
j
i are smooth functions on E˜
2 and D˜li are the total derivatives
on E˜l. Symmetries of E˜ are said to be nonlocal symmetries of E and similar for conservation
laws.
Denote by F and F˜ the rings of smooth functions on E and E˜, respectively. Then an
R-linear derivation S : F → F˜ is a nonlocal shadow if
D˜i ◦ S = S ◦Di, i = 1, . . . , n.
In particular, local symmetries can be regarded as shadows in any covering. We say that a
shadow S lifts to τ if there exists a nonlocal symmetry S˜ such that S˜
∣∣∣
F
= S. Lifts of the
trivial shadow S = 0 are called invisible symmetries.
Denote by {wβ} coordinates in fibers of τ . They are called nonlocal variables. Using these
variables, we can write the fields D˜i as
D˜i = Di +
∑
Xβi
∂
∂wβ
,
where Xβi are smooth functions on E˜, while the fact that τ is a covering amounts to the
compatibility of the system
wβ
xi
= Xβi
modulo E˜. Then nonlocal τ -symmetries are vector fields
E˜ϕ +
∑
ψβ
∂
∂wβ
,
where E˜ϕ is obtained from (1) by changing Di to D˜i and ϕ = (ϕ
1, . . . , ϕm), ψβ are functions
on E˜ that enjoy the system
ℓ˜E(ϕ) = 0, (2)
D˜i(ψ
β) = ℓ˜
X
β
i
(ϕ) +
∑
γ
∂Xβi
∂wγ
ψψ, (3)
where “tilde” denotes the natural lift of a differential operator in total derivatives from E
to E˜. To describe shadows, one must consider Equation (2) only, while invisible symmetries
are described by the equation
D˜i(ψ
β) =
∑
γ
∂Xβi
∂wγ
ψψ.
Let
ω = (X1 dx
1 +X2 dx
2) ∧ dx3 ∧ · · · ∧ dxn
be a two-component conservation law of E. Then one can construct the covering τω with the
nonlocal variables wσ, where σ is a symmetrical multi-index containing the integers 3, . . . , m,
and the defining equations
wσx1 = D˜σ(X1), w
σ
x2 = D˜σ(X2), w
σ
xi = w
σi,
for i ≥ 3. This is the Abelian covering associated with ω; it is one-dimensional for n = 2 and
infinite-dimensional otherwise.
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2. The universal hierarchy equation
The universal hierarchy equation is of the form
uyy = utuxy − uyutx, (4)
see [10, 11].
2.1. Lax pair and the associated covering. Equation (4) admits the following Lax pair
wt = λ
−2(λut − uy)wx,
wy = λ
−1uywx.
Expanding w in powers of λ, w =
∑
i∈Z wiλ
i, we obtain the infinite-dimensional covering
wi,t = utwi+1,x − uywi+2,x,
wi,y = uywi+1,x
(5)
i ∈ Z, with the additional variables w
(j)
i that satisfy the relations w
(0)
i = wi, w
(j+1)
i = w
(j)
i,x .
2.2. Symmetries and reductions. The space sym(E) is spanned by the functions θ0(X) =
Xux − X
′u, θ1(X) = X , ϕ0(T ) = Tut + T
′yuy, ϕ1(T ) = Tuy, υ = yuy + u, where X is a
function in x and T is a function in t, while ‘prime’ denotes the corresponding derivatives.
Lemma 2.1. The symmetry ϕ = υ + θ0(1) + ϕ0(1) can be lifted to the covering (5).
Proof. Denote the desired lift by
Φ = E˜ϕ +
∑
ϕi
∂
∂wi
,
where ϕ = yuy + u+ ux + ut, and set
ϕi = (−i+ 1)wi + ywi,y +
1
uy
wi−1,y + wi,t.
Then the result is obtained by the direct check. 
Due to Lemma 2.1, we can consider the reduction of Equation (4) together with its cover-
ing (5). The resulting objects will be the equation
uyy = uyuxx − (ux + u)uxy + uxuy (6)
and the infinite-dimensional covering
qi,y = (−i+ 2)qi−1 −
ux + u
uy
qi−1,y +
1
uy
qi−2,y,
qi,x =
qi−1,y
uy
.
(7)
over this equation. Define the coverings τ p by setting qi = 0 for i < p, p ∈ Z. Then,
setting qpi = qp+i+1, we obtain q−1 = 1, q
p
0 = −(p− 1)y and
τ p : qpi,y = (−p− i+ 1)q
p
i−1 −
ux + u
uy
qpi−1,y +
1
uy
qpi−2,y,
qpi,x =
qpi−1,y
uy
,
for i ≥ 1. This is an infinite series of nonlocal conservation laws of Equation (4).
Proposition 2.1. All the coverings τ p are pair-wise equivalent.
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Before proving the result, consider an auxiliary construction. Namely, introduce the oper-
ator
Yp =
∑
i≥0
(i+ 1)qpi+1
∂
∂qpi
and define the quantities Pi,j as follows:
P pi,0 =
1
(i+ 2)!
(qp0)
i+2, P pi,j =
1
j
Y(P pi,j−1), i = 0, 1, . . . , j = 1, 2, . . . (8)
We also assume P pi,j = 0 when at least one of the subscripts is negative.
Proof of Proposition 2.1. We shall prove that any τ p is equivalent to τ 0. Two cases are to be
considered.
Case p 6= 1. Let us set
di =
∞∑
l=0
(−1)l
(p+ l)!
p!
P 0l,i−l−1.
Then
qpi = −(p− 1)(q
0
i − pdi), i ≥ 1,
is the desired equivalence.
Case p = 1. This way of proof does not work for p = 1, but from the defining equations
one can easily see that the covering τ 1 coincides with τ 2. 
2.3. Weights. Let us assign to all the local and nonlocal variables the weights
|x| = 0, |y| = 1, |u| = −1, |qpi | = i+ 1.
We also set |ux| = |u| − |x|, |uy| = |u| − |y|, etc., and assume that the weight of a monomial
is the sum of weights of its factor. The weight of a vector field Z∂/∂z is |Z| − |z|. Then
all the constructions under consideration become graded with respect to these weights, while
the results (provided they are polynomial) split into homogeneous components.
2.4. Nonlocal symmetries of reductions. Let us use the notation
Φ = (ϕ, ϕp,1, . . . , ϕp,i, . . . ) (9)
for the vector field
S = E˜ϕ +
∑
ϕp,i
∂
∂qpi
on τ p. Then (9) is a symmetry if and only if
D˜2y(ϕ) = uyD˜
2
x(ϕ)− (ux + u)D˜xD˜y(ϕ) + (uy − uxy)D˜x(ϕ) + (ux + uxx)D˜y(ϕ)− uxyϕ
and
D˜y(ϕ
p,1) = (p− 1)L˜1(ϕ),
D˜x(ϕ
p,1) = −(p− 1)L˜2(ϕ);
D˜y(ϕ
p,2) = −(p + 1)ϕp,1 −
ux + u
uy
D˜y(ϕ
p,1)− qp1,yL˜1(ϕ)− (p− 1)L˜2(ϕ),
D˜x(ϕ
p,2) =
1
uy
D˜y(ϕ
p,1) + qp1,yL˜2(ϕ);
D˜y(ϕ
p,i) = (−p− i+ 1)ϕp,i−1 −
ux + u
uy
D˜y(ϕ
p,i−1) +
1
uy
D˜y(ϕ
p,i−2)
−qpi−1,yL˜1(ϕ) + q
p
i−2L˜2(ϕ),
D˜x(ϕ
p,i) =
1
uy
D˜y(ϕ
p,i−1) + qpi−1,yL˜2(ϕ),
(10)
for all i > 2, where
L˜1 =
1
uy
+
1
uy
D˜x −
ux + u
u2y
D˜y, L˜2 = −
1
u2y
D˜y
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are the linearizations of the functions (ux + u)/uy and 1/uy, respectively, lifted to τ
p.
Direct computations show that the functions
ϕ−1 = uy, ϕ0 = yuy + u, ψ0 = ux, ψ1 = e
−x
constitute a basis of the space sym(E). In addition, it can be checked that the function
ϕp2 = (2p
2y2 + py2 − 3y2 − 4qp1)(ux + u)− 3py + 3y
+
1
3
(5p3y3 + 6p2y3 − 8py3 − 3y3 − 15pyqp1 − 27yq
p
1 − 15q
p
2)uy
is a shadow in the covering τ p. Here the subscripts indicate the weight of the corresponding
symmetry.
Lemma 2.2. The local symmetries ϕ0, ψ0, and ψ1 can be lifted to any covering τ
p.
Proof. Let us set
ϕp,i0 = −(i+ 1)q
p
i + yq
p
i,y for ϕ0 = yuy + u,
ψp0 = q
p
i,x for ψ0 = ux,
ψp1 = 0 for ψ1 = e
−x.
Then it is an easy exercise to check that (10) fulfills. 
Lemma 2.3. The symmetry ϕ−1 can be lifted to the covering τ
0, while the shadow ϕ32 can be
lifted to the covering τ 3.
Proof. The lift of ϕ−1 = uy is given by the formulas
ϕ0,i−1 = q
0
i,y.
The lift of
ϕ32 = (18y
2 − 4q31)(ux + u) + (54y
3 − 24yq31 − 5q
3
2)uy − 6y
is given by
ϕ3,i2 = 2(i+ 3)(2q
3
1 − 9y
2)q3i − 6(i+ 4)yq
3
i+1 − 2(i+ 5)q
3
i+2
+ (54y3 − 24yq31 − 5q
3
2)q
3
i,y + 2(9y
2 − 2q31)q
3
i,x.
Then (10) fulfills identically. 
Lemma 2.4. The field Φ−1−2 = ∂/∂q
−1
1 is an invisible symmetry in τ
−1.
Proof. Direct check. 
Corollary 2.1. There exist symmetries Φp−2, Φ
p
−1, Φ
p
0, Φ
p
2, Ψ
p
0, and Ψ
p
1 in any covering τ
p.
Proof. The fact follows immediately from Proposition 2.1 and Lemmas 2.2–2.4. 
Theorem 2.1. The Lie algebra of nonlocal symmetries for Equation (6) in τ p is isomorphic
to the direct sum
w⊕ s2,
where w is the Witt algebra and s2 is the two-dimensional solvable algebra.
Proof. Since all the coverings τ p are pair-wise equivalent (Proposition 2.1), we can accomplish
the proof in any of them. From the technical viewpoint, τ 0 is the most convenient one.
Consider the transformation
Φ˜00 = −Φ
0
0 −Ψ
0
0, Φ˜
0
−1 = −Φ
0
−1, Ψ˜
0
0 = Ψ
0
0, Ψ˜
0
1 = Ψ
0
1.
Let us set Φ˜01 =
1
3
{Φ˜0−1, Φ˜
0
2} and by induction
Φ˜0−k−1 = −
1
k − 1
{Φ˜0−1, Φ˜
0
−k}, Φ˜
0
k+1 =
1
k − 1
{Φ˜01, Φ˜
0
k}
for all k ≥ 2. Then
{Φ˜0k, Φ˜
0
l } = (l − k)Φ˜
0
k+l
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for all k, l ∈ Z and the functions Φ˜0k span the algebra w. On the other hand, {Ψ˜
0
0, Ψ˜
0
1} = Ψ˜
0
1
and {Ψ˜0i , Φ˜
0
k} = 0 for i = 0, 1 and k ∈ Z. 
2.5. Explicit formulas. To conclude the discussion of the universal hierarchy equation, we
present explicit formulas for the lifts of symmetries Φp−2, Φ
p
−1, Φ
p
1, and Φ
p
2 to an arbitrary
covering τ p, p 6= 1:
ϕp−2 = 0,
ϕp,1−2 = 1,
ϕp,i−2 =
p+ 1
p− 1
(
qi−2 +
i−2∑
j=0
(
−1
p− 1
)j+1
P pj,i−j−3
j∏
k=0
(
− 2 + k(p− 1)
))
;
ϕp−1 = uy,
ϕp,i−1 = q
p
i,y + pq
p
i−1 + p
i−2∑
j=0
(
−1
p− 1
)j+1
P pj,i−2−j
j∏
k=0
(
− 1 + k(p− 1)
)
;
ϕp1 = (p− 1)yux +
1
4
((p− 1)(3p+ 2)y2 − 6qp1)uy + (p− 1)
(
yu−
1
2
)
,
ϕp,i1 = (p− 1)yq
p
i,x +
1
4
(
(p− 1)(3p+ 2)y2 − 6qp1
)
qpi,y −
1
2
(3 + i)(p− 1)qpi+1
+ (p+ i)qp0q
p
i −
1
2
(p− 2)
i∑
j=0
(
−1
p− 1
)j
P pj,i−j
j∏
k=0
[1 + k(p− 1)];
ϕp2 =
(
(2p2 + p− 3)y2 − 4qp1
)
ux +
1
3
(
(5p3 + 6p2 − 8p− 3)y3 − (15p− 27)yqp1 − 15q
p
2
)
uy
+ (2p2y2 + py2 − 3y2 − 4qp1)u− 3(p− 1)y,
ϕp,i2 =
(
(2p2 + p− 3)y2 − 4qp1
)
qpi,x +
1
3
(
(5p3 + 6p2 − 8p− 3)y3 − 15(p− 27)yqp1 − 15q
p
2
)
qpi,y
− (p− 1)(2p+ 3)(p+ i)y2qpi − 3(p− 1)(p+ i+ 1)yq
p
i+1 + 4(p+ i)q
p
1q
p
i − (5 + i)(p− 1)q
p
i+2
− (p− 3)
i+1∑
j=0
(
−1
p− 1
)j
P pj,i−j+1
j∏
k=0
(
2 + k(p− 1)
)
,
where the quantities P pi,j are described by Equations (8).
3. The rdDym equation
The 3D rdDym equation reads
uty = uxuxy − uyuxx, (11)
see [5, 12, 13].
3.1. Lax pairs and associated coverings. The following system
wt = (ux − λ)wx,
wy = λ
−1uywx
is a Lax pair for Equation (11). As above, we consider the expansion w =
∑
i∈Z wiλ
i and
obtain the covering
wi,t = uxwi,x − wi−1,x,
wi,y = uywi+1,x
(12)
i ∈ Z, endowed with the additional nonlocal variables w
(j)
i defines by the relations w
(0)
i = wi,
w
(j+1)
i = w
(j)
i,x
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3.2. Symmetries and reductions. The space sym(E) for Equation (11) is spanned by the
functions ψ0 = xux−2u, υ0(Y ) = Y uy, θ0(T ) = Tut+T
′(xux−u)+
1
2
T ′′x2, θ−1(T ) = Tux+T
′x,
θ−2(T ) = T , where T = T (t), Y = Y (y), and the ‘prime’ denotes the derivative with respect
to t.
Lemma 3.1. The symmetry ϕ = θ0(1)− υ0(1) + ψ0 can be lifted to the covering (12).
Proof. Let ϕi denote the coefficient at ∂/∂wi. Then
ϕi = wi,t − wi,y − xw
(1)
i − (i+ 2)wi
delivers the desired lift. 
The reduction with respect to the obtained lift leads to the equation
uyy = (ux + x)uxy − (uxx + 2)uy (13)
and the covering
ri,x = (ux + x)ri−1,x − ri−1,y − (i+ 1)ri−1,
ri,y = uyri−1,x
(14)
over (13). Similar to Subsection 2.2, we fix an integer p and ‘cut’ this covering at level p, i.e.,
set ri = 0 for all i < p. Then, after relabeling rp+i 7→ r
p
i−2, we obtain that
rp−2 = 1, r
p
−1 = −(p + 2)x, r
p
0 = −(p+ 2)u+
1
2
(p+ 2)2x2
and arrive to the coverings
ρp : rpi,x = (ux + x)r
p
i−1,x − r
p
i−1,y − (p+ i+ 3)r
p
i−1,
rpi,y = uyr
p
i−1,x,
i ≥ 1. These are nonlocal conservation laws of Equation (13).
Proposition 3.1. All the coverings ρp are pair-wise equivalent.
Proof. The proof is very similar to that of Proposition 2.1. Two cases must be considered.
Case p 6= −2. Consider the vector field
Z
p =
∞∑
i=−1
(i+ 2)rpi+1
∂
∂rpi
and define the quantities Qi,j by
Qpi,0 =
1
(i+ 2)!
(rp−1)
(i+2), Qpi,j =
1
j
Z(Qpi,j−1), i = 0, 1, . . . , j = 1, 2, . . . (15)
and formally set Qpi,j = 0 when at least one of the subscripts is negative. Let
di =
∞∑
k=0
(−1)i
(p+ k + 3)!
(p+ 3)!
Q−3i,i−k.
Then
rpi = −(p + 2)
(
r−3i − (p+ 3)di
)
is an equivalence between ρp and ρ−3.
Case p = −2. It is easily seen that ρ−2 coincides with ρ−1. 
3.3. Weights. The basic weights assigned in this case are
|x| = 1, |y| = 0, |u| = 2
with the same rules that were described in Subsection 2.3.
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3.4. Nonlocal symmetries of reductions. Note first that
Φ = (ϕ, ϕp,1, . . . , ϕp,i, . . . )
is a symmetry in ρp if and only if
D˜2y(ϕ) = (ux + x)D˜xD˜y(ϕ)− uyD˜
2
x(ϕ) + uxyD˜x(ϕ)− (uxx + 2)D˜y(ϕ)
and
D˜x(ϕ
p,1) = (p + 2)
(
((p+ 2)x− 2ux)D˜x(ϕ) + D˜y(ϕ)(p+ 4)ϕ
)
,
D˜y(ϕ
p,1) = (p + 2)
(
((p+ 2)x− ux)D˜y(ϕ)− uyD˜x(ϕ)
)
;
D˜x(ϕ
p,i) = (ux + x)D˜x(ϕ
p,i−1)− D˜y(ϕ
p,i1)− (p+ i+ 3)ϕp,i−1 + rpi−1,xD˜x(ϕ),
D˜y(ϕ
p,i) = uyD˜x(ϕ
p,i−1) + rpi−1,xD˜y(ϕ),
(16)
where i > 1.
A basis of sym(E) is formed by the functions
ϕ−2 = 1, ϕ−1 = ux + x, ϕ0 = 2u− xux, ψ0 = uy,
where subscripts coincide with weights. In addition, in any covering ρp there exists a shadow
of the form
ϕp2 = 6r
p
2 +
(
(p+ 2)
(
(5p+ 24)xu−
1
6
(5p2 + 20p− 18)x3
)
− 5rp1
)
ux
− (p+ 2)(4u+ 5x2)uy + (6p+ 25)xr
p
1
+ (p+ 2)
(
(3p+ 16)u2 − (p+ 4)(3p+ 13)x2u+
1
12
(9p3 + 80p2 + 212p+ 168)x4
)
.
Lemma 3.2. The symmetries ψ0 and ϕ0 are lifted to any covering ρ
p.
Proof. It is sufficient to set
ψp,i0 = r
p
i,y for ψ0 = uy,
ϕp,i0 = −xr
p
i,x + (i+ 2)r
p
i for ϕ0 = 2u− xux
and check that Equations (16) fulfill. 
Lemma 3.3. The symmetries ϕ−1 and ϕ−2 are lifted to the coverings ρ
−3 and ρ−4, respec-
tively, while the shadow ϕ02 lifts to ρ
0.
Proof. We set
ϕ−3,i−1 = r
−3
i,x for ϕ−1 = ux + x,
ϕ−4,i−2 = 0 for ϕ−2 = 1
and also
ϕ0,i2 = (48xu+ 6x
3 − 5r01)r
0
i,x − 2(4u+ 5x
2)r0i,y + 2(i+ 6)r
0
i+2 − 2(36 + 9i)x
2r0i
+ 3(5 + i)r0−1r
0
i+1 + 4(i+ 4)r
0
0r
0
i
for
ϕ02 = 6r
0
2 + (48xu+ 6x
3 − 5r01)ux − 2(4u+ 5x
2)uy + 25xr
0
1 + 32u
2 − 104x2u+ 28x4.
Then Equations (16) are satisfied for the corresponding values of p. 
Corollary 3.1. All the symmetries Ψp0, Φ
p
−2, Φ
p
−1, Φ
p
0, Φ
2
2 exist in any ρ
p.
Proof. It immediately follows from Proposition 3.1 and Lemmas 3.2 and 3.3. 
We can describe the algebra of nonlocal symmetries for Equation (13) now:
Theorem 3.1. The algebra of nonlocal symmetries of Equation (13) in any covering ρp is
isomorphic to
w⊕ a1,
where w is the Witt algebra and a1 is the one-dimensional Abelian Lie algebra.
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Proof. Similar to the proof of Theorem 2.1, we first choose a convenient value of p, which
is p = −1 in our case, and set Φ˜−12 = −Φ
−1
2 . The w-component is constructed exactly in the
same way as it was done in the proof of Theorem 2.1. The Abelian component is spanned by
the symmetry Ψ−10 which obviously commutes with all Φ
−1
i . 
3.5. Explicit formulas. Let us describe the lifts Φpi , i = −2, −1, 1, 2, explicitly:
ϕp,i−2 = (p+ 4)
(
−rpi−2 −
∞∑
j=1
((
−1
p+ 2
)j
Qpj−1,i−j−1
j−1∏
l=0
(
l(p+ 2)− 2
)))
,
ϕp,i−1 = r
p
i,x + (p+ 3)
(
rpi−1 +
∞∑
j=1
((
−1
p+ 2
)j
Qpj−1,i−j
j−1∏
l=0
(
l(p+ 2)− 1
)))
,
ϕp,i1 = (p+ 2)
((
3u+
5
2
x2
)
rpi,x − 2xr
p
i,y − (i+ 4)r
p
i+1
)
+ 2(p+ i+ 4)rp−1r
p
i
− (p+ 1)
(
∞∑
j=0
(
−1
p+ 2
)j
Qpj,i−j+1
j∏
l=0
(
l(p+ 2) + 1
))
,
ϕp,i2 =
(
(p+ 2)
(
(5p+ 24)xu−
1
6
(5p2 + 20p− 18)x3
)
− 5rp1
)
rpi,x
− (p+ 2)
(
(4u+ 5x2)rpi,y − (i+ 6)r
p
i+2
)
− (p+ 2)
(
(2ip+ 13p+ 9i+ 36)x2 + 4pu
)
rpi
+ 3(p+ i+ 5)rp−1r
p
i+1 + 4(i+ 4)r
p
0r
p
i − p
∞∑
j=0
((
−1
p+ 2
)j
Qpj,i−j+2
j∏
l=0
(
l(p + 2) + 2
))
.
Here the quantities Qpi,j are given by Equations (15).
4. Discussion
Let us conclude with several remarks:
• All the nonlocal symmetry algebras of linear degenerate equations (see [1]) and their
reductions (see [8] and the results above) contain the Witt algebra w as their semi-
direct (or direct) summand.
• In all the constructions used to describe the symmetry algebras structures the crucial
role is played by the operators similar to Y and Z from Sections 2.2 and 3.2 and the
quantities P pi,j and Q
p
i,j. It is interesting to understand the geometric origins of these
objects.
• It is also interesting to study other Lax integrable equations in dimension > 2 that
are not linear degenerate and compare their nonlocal symmetry structure with the
already known results.
We plan to shed the light on the last two items in the forthcoming research.
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